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Lecture-17

Euler-Cauchy Equation 



Topic:

Solution of Non-Homogeneous LDE with Variable coefficients. 

Learning Outcomes:

1. To convert equation with variable coefficients (Euler-Cauchy Equation) to an 

equation with constant coefficients and then solve it with standard known methods.

2. To write operator form of simultaneous system of LDE



Euler-Cauchy Equation:

Let us consider 2nd order Non-homogeneous LDE with variable coefficients as:

𝑥2𝑦′′ + 𝑥𝑦′ + 𝑦 = 𝑟(𝑥) (1)

Equation of type (1) called Euler-Cauchy Equation. 

S.F. : 𝑥2𝐷2 + 𝑥𝐷 + 1 𝑦 = 𝑟(𝑥) (2) where 𝐷 ≡
𝑑

𝑑𝑥

The very first job is to convert this equation with variable coefficients to an equation with 

constant coefficients using an appropriate transformation.

Let transformation be: 𝑥 = 𝑒𝑡 ⇒ 𝑡 = log 𝑥

Let 𝜃 ≡
𝑑

𝑑𝑡
( Another differential operator)

then   𝑥𝐷 = 𝜃, 𝑥2𝐷2= 𝜃 𝜃 − 1 , 𝑥3𝐷3= 𝜃 𝜃 − 1 𝜃 − 2 and so on…

Equation (2) becomes: 𝜃 𝜃 − 1 + 𝜃 + 1 𝑦 = 𝑟(𝑡) (3)

which is an equation with constant coefficients and we know the methods to solve equ.(3) 



Problem 1. Find the general solution of:    𝑥2𝑦′′ + 𝑥𝑦′ − 4𝑦 = 0

Solution: The given equation is: 

𝑥2𝑦′′ + 𝑥𝑦′ − 4𝑦 = 0 (1)

S.F. : 𝑥2𝐷2 + 𝑥𝐷 − 4 𝑦 = 0 (2)       where 𝐷 ≡
𝑑

𝑑𝑥

Let transformation be: 𝑥 = 𝑒𝑡 ⇒ 𝑡 = log 𝑥

then   𝑥𝐷 = 𝜃, 𝑥2𝐷2= 𝜃 𝜃 − 1 where 𝜃 ≡
𝑑

𝑑𝑡

Equation (2) becomes: 𝜃 𝜃 − 1 + 𝜃 − 4 𝑦 = 0

A.E. : 𝜃 𝜃 − 1 + 𝜃 − 4 = 0 ⇒ 𝜃2 − 𝜃 + 𝜃 − 4 = 0

⇒ 𝜃2 − 4 = 0 ⇒ 𝜃 = 2,−2 (real and unequal roots)

∴ General solution is given by: 

⇒ 𝑦𝑐 = 𝑐1𝑒
2𝑡 + 𝑐2𝑒

−2𝑡 ⇒ 𝑦𝑐 = 𝑐1𝑥
2 + 𝑐2𝑥

−2 Answer.



Problem 2. Find the general solution of:    9𝑥2𝑦′′ + 15𝑥𝑦′ + 𝑦 = 0

Solution: The given equation is: 

9𝑥2𝑦′′ + 15𝑥𝑦′ + 𝑦 = 0 (1)

S.F. : 9𝑥2𝐷2 + 15𝑥𝐷 + 1 𝑦 = 0 (2)       where 𝐷 ≡
𝑑

𝑑𝑥

Let transformation be: 𝑥 = 𝑒𝑡 ⇒ 𝑡 = log 𝑥

then   𝑥𝐷 = 𝜃, 𝑥2𝐷2= 𝜃 𝜃 − 1 where 𝜃 ≡
𝑑

𝑑𝑡

Equation (2) becomes: 9𝜃 𝜃 − 1 + 15𝜃 + 1 𝑦 = 0

A.E. : 9𝜃 𝜃 − 1 + 15𝜃 + 1 = 0 ⇒ 9𝜃2 − 9𝜃 + 15𝜃 + 1 = 0

⇒ 9𝜃2 + 6𝜃 + 1 = 0 ⇒ 3𝜃 + 1 3𝜃 + 1 = 0 ⇒ 𝜃 = −
1

3
, −

1

3
(equal roots)

∴ General solution is given by: 

⇒ 𝑦𝑐 = (𝑐1 + 𝑐2𝑡)𝑒
−
1

3
𝑡 ⇒ 𝑦𝑐 = (𝑐1+𝑐2 log 𝑥) 𝑥

−
1

3 Answer.



Problem 3. Find the general solution of:    2𝑥2𝑦′′ + 2𝑥𝑦′ + 𝑦 = 0

Solution: The given equation is: 

2𝑥2𝑦′′ + 2𝑥𝑦′ + 𝑦 = 0 (1)

S.F. : 2𝑥2𝐷2 + 2𝑥𝐷 + 1 𝑦 = 0 (2)       where 𝐷 ≡
𝑑

𝑑𝑥

Let transformation be: 𝑥 = 𝑒𝑡 ⇒ 𝑡 = log 𝑥

then   𝑥𝐷 = 𝜃, 𝑥2𝐷2= 𝜃 𝜃 − 1 where 𝜃 ≡
𝑑

𝑑𝑡

Equation (2) becomes: 2𝜃 𝜃 − 1 + 2𝜃 + 1 𝑦 = 0

A.E. : 2𝜃 𝜃 − 1 + 2𝜃 + 1 = 0 ⇒ 2𝜃2 − 2𝜃 + 2𝜃 + 1 = 0

⇒ 2𝜃2 + 1 = 0 ⇒ 𝜃2 = −
1

2
⇒ 𝜃 =

1

2
𝑖, −

1

2
𝑖 (complex roots)

∴ General solution is given by: 

⇒ 𝑦𝑐 = 𝑒0𝑡(𝑐1 cos
1

2
𝑡 + 𝑐2 sin

1

2
log 𝑥) ⇒ 𝑦𝑐 = (𝑐1 cos

1

2
log 𝑥 + 𝑐2 sin

1

2
log 𝑥) Ans.



Problem 4. Find the general solution of:    𝑥2𝑦′′ − 2𝑦 = 2𝑥

Solution: The given equation is: 

𝑥2𝑦′′ − 2𝑦 = 2𝑥 (1)

S.F. : 𝑥2𝐷2 − 2 𝑦 = 2𝑥 (2)     where 𝐷 ≡
𝑑

𝑑𝑥

Let transformation be: 𝑥 = 𝑒𝑡 ⇒ 𝑡 = log 𝑥

then   𝑥𝐷 = 𝜃, 𝑥2𝐷2= 𝜃 𝜃 − 1 where 𝜃 ≡
𝑑

𝑑𝑡

Equation (2) becomes: 𝜃 𝜃 − 1 − 2 𝑦 = 2𝑒𝑡

⇒ 𝑓 𝜃 𝑦 = 𝑟(𝑡) where 𝑓 𝜃 = 𝜃2 − 𝜃 − 2 and   𝑟 𝑡 = 2𝑒𝑡

To find Complimentary Function (C.F.):

A.E. : 𝑓 𝜃 = 0 ⇒ 𝜃2 − 𝜃 − 2 = 0 ⇒ (𝜃 − 2)(𝜃 + 1) = 0

⇒ 𝜃 = 2,−1 (real and unequal roots)

∴ Complimentary function is given by: 

⇒ 𝑦𝑐 = 𝑐1𝑒
2𝑡 + 𝑐2𝑒

−𝑡 ⇒ 𝑦𝑐 = 𝑐1𝑥
2 + 𝑐2𝑥

−1



To find Particular Integral (P.I.):

𝑦𝑝 =
1

𝑓 𝜃
𝑟 𝑡 =

1

𝜃2−𝜃−2
2𝑒𝑡

⇒ 𝑦𝑝 = 2
1

𝜃2−𝜃−2
𝑒𝑡 ⇒ 𝑦𝑝 = 2

1

1 2−(1)+2
𝑒𝑡 𝑃𝑢𝑡 𝐷 = 2

⇒ 𝑦𝑝 = 2
1

2
𝑒𝑡 ⇒ 𝑦𝑝 = 𝑒𝑡 = 𝑥

∴ General solution is given by: 𝑦 = C.F. +P.I.

i.e. 𝑦 = 𝑦𝑐+ 𝑦𝑝

⇒ 𝑦 = 𝑐1𝑥
2 + 𝑐2𝑥

−1 + 𝑥 Answer.



Problem 5. Find the general solution of:    𝑥2𝑦′′ + 2𝑥𝑦′ = cos log 𝑥

Solution: The given equation is: 

𝑥2𝑦′′ + 2𝑥𝑦′ = cos log 𝑥 (1)

S.F. : 𝑥2𝐷2 + 2𝑥𝐷 𝑦 = cos log 𝑥 (2)     where 𝐷 ≡
𝑑

𝑑𝑥

Let transformation be: 𝑥 = 𝑒𝑡 ⇒ 𝑡 = log 𝑥

then   𝑥𝐷 = 𝜃, 𝑥2𝐷2= 𝜃 𝜃 − 1 where 𝜃 ≡
𝑑

𝑑𝑡

Equation (2) becomes: 𝜃 𝜃 − 1 + 2𝜃 𝑦 = cos 𝑡

⇒ 𝑓 𝜃 𝑦 = 𝑟(𝑡) where 𝑓 𝜃 = 𝜃2 + 𝜃 and   𝑟 𝑡 = cos 𝑡

To find Complimentary Function (C.F.):

A.E. : 𝑓 𝜃 = 0 ⇒ 𝜃2 + 𝜃 = 0 ⇒ 𝜃(𝜃 + 1) = 0

⇒ 𝜃 = 0,−1 (real and unequal roots)

∴ Complimentary function is given by: 

⇒ 𝑦𝑐 = 𝑐1𝑒
0𝑡 + 𝑐2𝑒

−𝑡 ⇒ 𝑦𝑐 = 𝑐1 + 𝑐2𝑥
−1



To find Particular Integral (P.I.):

𝑦𝑝 =
1

𝑓 𝜃
𝑟 𝑡 =

1

𝜃2+𝜃
cos 𝑡

⇒ 𝑦𝑝 =
1

− 1 2+𝜃
cos 𝑡 𝑃𝑢𝑡 𝜃2 = − 1 2

⇒ 𝑦𝑝 =
1

𝜃−1
cos 𝑡 =

1

𝜃−1
×

𝜃−1

𝜃−1
cos 𝑡 =

𝜃−1

(𝜃2−1)
cos 𝑡

⇒ 𝑦𝑝 =
𝜃−1

(−1−1)
cos 𝑡 = −

1

2

𝑑

𝑑𝑡
cos 𝑡 − cos 𝑡 =

1

2
sin 𝑡 + cos 𝑡

⇒ 𝑦𝑝 =
1

2
sin log 𝑥 + cos log 𝑥

∴ General solution is given by: 𝑦 = C.F. +P.I.

i.e. 𝑦 = 𝑦𝑐+ 𝑦𝑝

⇒ 𝑦 = 𝑐1 + 𝑐2𝑥
−1 +

1

2
sin log 𝑥 + cos log 𝑥 Answer.



Problem 6. Find the general solution of:    𝑥2𝑦′′ − 3𝑥𝑦′ + 3𝑦 = 2 + 3 log 𝑥

Solution: The given equation is: 

𝑥2𝑦′′ − 3𝑥𝑦′ + 3𝑦 = 2 + 3 log 𝑥 (1)

S.F. : 𝑥2𝐷2 − 3𝑥𝐷 + 3 𝑦 = 2 + 3 log 𝑥 (2)     where 𝐷 ≡
𝑑

𝑑𝑥

Let transformation be: 𝑥 = 𝑒𝑡 ⇒ 𝑡 = log 𝑥

then   𝑥𝐷 = 𝜃, 𝑥2𝐷2= 𝜃 𝜃 − 1 where 𝜃 ≡
𝑑

𝑑𝑡

Equation (2) becomes: 𝜃 𝜃 − 1 − 3𝜃 + 3 𝑦 = 2 + 3𝑡

⇒ 𝑓 𝜃 𝑦 = 𝑟(𝑡) where 𝑓 𝜃 = 𝜃2 − 4𝜃 + 3 and   𝑟 𝑡 = 2 + 3𝑡

To find Complimentary Function (C.F.):

A.E. : 𝑓 𝜃 = 0 ⇒ 𝜃2 − 4𝜃 + 3 = 0 ⇒ (𝜃 − 1)(𝜃 − 3) = 0

⇒ 𝜃 = 1, 3 (real and unequal roots)

∴ Complimentary function is given by: 

⇒ 𝑦𝑐 = 𝑐1𝑒
𝑡 + 𝑐2𝑒

3𝑡 ⇒ 𝑦𝑐 = 𝑐1𝑥 + 𝑐2𝑥
3



To find Particular Integral (P.I.):

𝑦𝑝 =
1

𝑓 𝜃
𝑟 𝑡 =

1

𝜃2−4𝜃+3
2 + 3𝑡

⇒ 𝑦𝑝 =
1

3 1+
𝜃2−4𝜃

3

2 + 3𝑡 =
1

3
1 +

𝜃2−4𝜃

3

−1

(2 + 3𝑡)

⇒ 𝑦𝑝 =
1

3
(1 −

𝜃2−4𝜃

3
+

𝜃2−4𝜃

3

2

−−−)(2 + 3𝑡)

⇒ 𝑦𝑝 =
1

3
2 + 3𝑡 +

4

3

𝑑

𝑑𝑡
2 + 3𝑡 + 0 =

1
3

2 + 3𝑡 + 4 = 2 + 𝑡

⇒ 𝑦𝑝 = 2 + log 𝑥

∴ General solution is given by: 𝑦 = C.F. +P.I.

i.e. 𝑦 = 𝑦𝑐+ 𝑦𝑝

⇒ 𝑦 = 𝑐1𝑥 + 𝑐2𝑥
3 + 2 + log 𝑥 Answer.



Simultaneous Linear Differential Equations:

The system involving two first order linear differential equations in two dependent 

variables 𝑦1 and 𝑦2 and one independent variable 𝑥 is called system of simultaneous 

linear differential equations.

From MCQ point of view, we will just write the operator form of simultaneous 

equations. Their solution becomes quite lengthy and has no scope for MCQ pattern. 



Write the operator form of following system of LDE:

Problem1. 6
𝑑𝑦1

𝑑𝑥
+ 5

𝑑𝑦2

𝑑𝑥
+ 3𝑦1 + 𝑦2 = 0, 

𝑑𝑦2

𝑑𝑥
− 5𝑦1 + 3𝑦2 = 𝑒𝑥

Solution.  The given system of simultaneous equations is: 

6
𝑑𝑦1

𝑑𝑥
+ 5

𝑑𝑦2

𝑑𝑥
+ 3𝑦1 + 𝑦2 = 0 (1)

𝑑𝑦2

𝑑𝑥
− 5𝑦1 + 3𝑦2 = 𝑒𝑥 (2)

Let 𝐷 ≡
𝑑

𝑑𝑥
, then operator form of given system can be written as:

6𝐷 + 3 𝑦1 + 5𝐷 + 1 𝑦2 = 0 (3) 

−5𝑦1 + 𝐷 + 3 𝑦2 = 𝑒𝑥 (4)



Problem2. 3
𝑑𝑦1

𝑑𝑥
+ 2𝑦1 + 𝑦2 = 𝑒−𝑥, 

𝑑𝑦1

𝑑𝑥
+

𝑑𝑦2

𝑑𝑥
− 2𝑦1 + 3𝑦2 = 𝑥

Solution.  The given system of simultaneous equations is: 

3
𝑑𝑦1

𝑑𝑥
+ 2𝑦1 + 𝑦2 = 𝑒−𝑥 (1)

𝑑𝑦1

𝑑𝑥
+

𝑑𝑦2

𝑑𝑥
− 2𝑦1 + 3𝑦2 = 𝑥 (2)

Let 𝐷 ≡
𝑑

𝑑𝑥
, then operator form of given system can be written as:

3𝐷 + 2 𝑦1 + 𝑦2 = 𝑒−𝑥 (3) 

(𝐷 − 2)𝑦1 + 𝐷 + 3 𝑦2 = 𝑥 (4)
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