MTH 166

Lecture-17

Euler-Cauchy Equation




Topic:
Solution of Non-Homogeneous LDE with Variable coefficients.

L_earning Outcomes:

1. To convert equation with variable coefficients (Euler-Cauchy Equation) to an

equation with constant coefficients and then solve it with standard known methods.

2. To write operator form of simultaneous system of LDE



Euler-Cauchy Equation:

Let us consider 2" order Non-homogeneous LDE with variable coefficients as:

x2y" +xy' +y =7r(x) (1)

Equation of type (1) called Euler-Cauchy Equation.

S.F.: (x*D* +xD + 1y = r(x) (2)  whereD = di

X

The very first job Is to convert this equation with variable coefficients to an equation with
constant coefficients using an appropriate transformation.

Let transformation be: x = et =t =logx

Let 6 = % ( Another differential operator)

then xD =0, x*D*=0(0—1), x3D3=6(6 —1)(0 — 2) and so on...

Equation (2) becomes: [6(6 —1) + 0 + 1]y = r(t) (3)

which is an equation with constant coefficients and we know the methods to solve equ.(3)



Problem 1. Find the general solution of: x%y" + xy' — 4y =0

Solution: The given equation is:
x%y" +xy' —4y =0 (1)

S.F.: (x2D%2 + xD — 4)y = 0 (2) where D = di

X

Let transformationbe: x = et! =t =logx

then xD =6, x2D?=6(6 —1) where 8 = %

Equation (2) becomes: [8(0 — 1)+ 0 — 4]y =0
AE.:[0(6-1)+6—-4]=0 =[0?°-60+0—-4]=0
= (0°—4)=0 =0=2,-2 (real and unequal roots)
». General solution is given by:

=Sy, =ce?t +ce”?t =y, =cx? +c,x7%  Answer.



Problem 2. Find the general solution of:  9x%y"" + 15xy" +y =0

Solution: The given equation Is:

9x%y" + 15xy" +y =0 (1)

S.F.:(9x°D? +15xD + 1)y = 0 (2) where D = di

X

Let transformation be: x = et =t =logx

then xD =6, x2D?=60(6 —1) where g = %

Equation (2) becomes: [96(0 — 1) + 150 + 1]y =0

AE.: [960(6—1)+1560 +1]=0 =[962—-90+ 150 +1] =0

> (992 +60+1)=0 =>@O+1)BO+1)=0 =60=—-,—- (equal roots)

. General solution is given by:

1 1

=y, = (c; +cyt)e 35 =2y, = (c;+c,logx)x™ 3 Answer.



Problem 3. Find the general solution of: 2x%y" + 2xy' +y =0

Solution: The given equation is:
2x%y" +2xy"+y=0 (1)

S.F.: (2x2D2 +2xD + 1)y =0 (2)  where D = di

X

Let transformation be: x = et =t =logx
then xD =6, x2D?=0(6 —1) where =

Equation (2) becomes: [26(0 — 1) + 20 + 1]y =0

AE.:[200—-1)+20+1]=0 =[26%2-20+20+1]=0
=>(26°+1)=0 :>92=—% =0 =—=i,— 12i (complex roots)
. General solution is given by:

=y, = e% (¢ cos%t + ¢, sin%logx) =y, = (1 cos%logx + ¢, sin%logx) Ans.



Problem 4. Find the general solution of: x2%y" — 2y = 2x

Solution: The given equation is:

x2y" — 2y = 2x (1)

SF.:(x*D? —2)y = 2x (2) whereD = di

X
Let transformation be: x = et =t =logx

then xD =6, x2D?=60(6 —1) where 8 = %

Equation (2) becomes: [0(8 — 1) — 2]y = 2¢t

= f(@)y =r(t) where f(8) = (8% -0 —2) and r(t) = 2et

To find Complimentary Function (C.F.):

AE.:f()=0 =(0?-60-2)=0 =@ -2)(0+1)=0
= 6 = 2,—1 (real and unequal roots)

-~ Complimentary function is given by:

=y, =ce?t +cyet =y, =cx? +cx !



To find Particular Integral (P.1.):

1 t
= f(e)r( ) = Gre (2¢7)
>y N — et] = :2[ - et] (Put D = 2)
p [ (62-6-2) Yp ((1)2-(1)+2)
_ > [1 ¢ _ it
:>yp—2_ze] >V =€ =X

-~ General solution is given by: y = C.F. +P.I.

Le.y =yt yy

>y =(c;x*+c,x ) +x  Answer.



Problem 5. Find the general solution of: x2?y" + 2xy’ = cos(log x)

Solution: The given equation is:

x2y" + 2xy’ = cos(logx) (1)

S.F.: (x?D? + 2xD)y = cos(log x) (2) where D = di

X

Let transformation be: x = et =t =logx

then xD =6, x2D?=60(6 —1) where 8 = %

Equation (2) becomes: [6(0 — 1) + 260]y = cost

= f(0)y =r(t) where f(0) = (6% +0) and r(t) = cost
To find Complimentary Function (C.F.):

AE.:f()=0 =(6?+60)=0 >600@+1)=0
= 6 =0,—1 (real and unequal roots)

-~ Complimentary function is given by:

=y, =ce% + et =y, =cq +cpx 1



To find Particular Integral (P.1.):

Vp = f(g)r( ) = (92 5 (cost)
=¥ = |z (1)2 v (cos t) (Put 6% = —(1)?)
T N ! (6-1)
=¥ = o5 )(cos t) = to=0 % (o=1) (cos t) [(02 0 (cos t)]
= Yy = _((_9 _1)) (cos t) = —% [% (cost) — (cos t): = %(Sin t + cost)

= Yp =3 [sin(log x) + cos(log x)]
-~ General solution is given by: y = C.F. +P.I.
Le.y =Y+ Vp

Sy=c+cx t+ % [sin(log x) + cos(logx)]  Answer.



Problem 6. Find the general solution of: x?y" —3xy’ +3y =2+ 3logx

Solution: The given equation is:
x?y" —3xy' +3y =2+ 3logx (1)

S.F.: (x*D* —3xD +3)y =2+ 3logx (2) where D = di

X
Let transformation be: x = et =t =logx

then xD =6, x2D?=60(6 —1) where 8 = %

Equation (2) becomes: [6(0 — 1) — 360 + 3]y =2 + 3t

= f(@)y =r(t) where f(8) = (8?2 —-46 +3) and r(t) =2+ 3t
To find Complimentary Function (C.F.):

AE..f(6)=0 =(6?-40+3)=0 = @-1)—-3)=0
= 6 = 1,3 (real and unequal roots)

-~ Complimentary function is given by:

=y, = cret + cyedt = Yy, = X + cpx3



To find Particular Integral (P.1.):

—1r(t) =

(2 + 3t)

Ip = f(9) (02-40+3)

1

=y, = [3[1+ E=gy 2 + 3t)]

— % (1 + (92"%“9))_1 (2 + 3t)

<5 =3]a- (75 + (5) =@+ 30|

3

= Y, =§-(2+3t)+§%(2+3t)+0] =%[(2+3t)+4] =2+t
=y, =2+ logx
~ General solution is given by: y = C.F. +P.I.

Le.y =Yt Wy

=y =cx+cx>+2+logx Answer.



Simultaneous Linear Differential Equations:

The system involving two first order linear differential equations in two dependent
variables y; and y, and one independent variable x is called system of simultaneous

linear differential equations.

From MCQ point of view, we will just write the operator form of simultaneous

equations. Their solution becomes quite lengthy and has no scope for MCQ pattern.



Write the operator form of following system of LDE:

Problem1. 6dy1+5dy2+3y1 + vy, =0, ﬂ—5y1+3y2 = e*

Solution. The given system of simultaneous equations is:

6dy1+5dy2+3y1+y2—0 (1)
d
—2—5y; +3y; = e* (2)

Let D = ;—x, then operator form of given system can be written as:

(6D+3)y; +(5D+ 1)y, =0 (3)
=5y, + (D + 3)y, = ¢e* (4)



Problem2. 3% +2y1+y2=ex,dy1+°?;2—2y1+3y2=x

dx

Solution. The given system of simultaneous equations is:

3 +2y1+y2—ex (1)
d d
dfc1+d3:f—2y1+3y2=x (2)

Let D = %, then operator form of given system can be written as:

(BD+2)y, ty,=e™” (3)
D=2y, +(D+3)y, =x (4)



This Photo by Unknown Author is licensed under CC BY-NC-ND


https://jojofeelings.wordpress.com/2012/02/01/romantic-songs/
https://creativecommons.org/licenses/by-nc-nd/3.0/

